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WJMMARY

The staticaeroelasticdivergencecharacteristicsof

A

a delta-plan-
formmodelofthecanardcontrolsurfaceof a proposedair-to-ground
missilehavebeenstudiedbothanalyticallyandexperimentallyinthe
Machnumberrangefrom0.6to3.0.Theexperimentsindicatedthat
divergenceoccurredat a nesrlyconstantvalueof dynsmicpressureat
Machnumbersup to 1.2. At higherMachnumberssomewhathighervalues
ofdynamicpressurewerereqtiredtoproducedivergence.Theanalysis
smdtheexperimentindicatethatthecsaiberstiffnessofthecontrol
surfaceandthestiffnessofthecontrolactuatorarebothimportmtin
divergenceof surfacesofthist~e.

INTRODUCTION

Theincreasedusageof low-aspect-ratiocanardsurfacesforstabil-
ityandcontrolofmissileshasledto considerableinterestinthe
aeroelasticcharacteristicsof suchsurfaces.In severalinstances,
missilefailureshaveoccurredwhichwerebelievedtobe dueto static
aeroelasticdivergenceof surfacesof thistype. Inmostcases,a
relativelysimplesolutionto theproblemhasbeenfoundsuchas
stiffeningthesurfaceinthechordwisedirectionorby alteringthe
geometryofthecontrol.Investigationsofthistypeareusually
ofm adhocnatureandtheresultsmaynotbe genera13yavailable.

?.
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Divergenceencounteredby surfacesofthistypedifferssomewhat
fromtheclassicaltorsionaldivergenceinthatcamberdeformations
seemtoplaya dominantrole. Thisnewclassofdivergenceproblems
whichisassociatedwiththinlow-aspect-ratiosurfaceshasreceived
someanalyticalstudy(refs.1 and2).

Ina recentdesignofan air-to-groundmissile,prelinrhxcystudies
showedthatthecanardcontrolsurfacemightbe subjectto divergence
withintheflightboundaryofthemissile.Consequently,a seriesof
modelswereconstructedandhavebeentestedintheLangley2-foottran-
sonicfluttertunnelintheMachnumberrangefrom0.6to 1.2andin
theLangley9-by 18-inchsupersonicfluttertunnelovertheMachnum-
berrangefrom1.64to 3.o. Inadditionto a simple_prooftestofthe
missileconfigurationasdesigned,theopportunitywastakento investi-
gatetheeffectsofvariationsof stiffnessandlocationofthepitch
axis.An analyticaltreatmentofthedivergenceof thistypeof control .
hasbeendeveloped.Thestructurehasbeentreatedas a beamwithits
spanalinedwiththeairstresm.Twotypesofaerodynamicforcessre
considered,onebasedonvery-low-aspect-ratiotheoryandtheother -.
basedonpistontheory.Theexperimentalresultssrecompsredwiththe
resultsofthisanalysisto aidinmakingtheinvestigationofmore
generalinterest.

SYMBOLS

Ai~ “ slopeinfluencecoefficientforp=el, pitchspringbeing
consideredinfinitelystiff(slopeat positioni dueto
unitloadatpositionj),radians/lb

aij slopeinfluencecoefficientforpitchspring,panelbeing
consideredinfinitelystiff,radians/lb

a speedof sound,ft/sec

b modelsemichordmeasuredparalleltotherootchordatthree-
quarterspan,ft

Bij
slopeinfluencecoefficientforpanel-springcombination
(Bi~= aij+ ‘~j),r~ians/lb

c distancefromintersectionof leadingedgeandrootchord
to trailingedge,ft

.A

*
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MA

measureddeflection
oftherootchord
centofthelocal
unitloadat that
infinite,ft/lb

CONFIDENTIAL 3

of controlsurfaceat a point27.1percent
rearwardoftheleadingedgeandat X per-
spanoutboardoftherootchorddueto a
pointwithpitchspringstiffnesssssumed

modulusof elasticityofpanel,lb/sqft

modulusof elasticityof air,lb/sqft

effectivevalueofmodulusof elasticityof control,lb/sqft

psnelbendingstiffnesswithrespecttopitchsxis,lb-ft2

measureddeflectionof infinitelystiffcontrolsurfaceat a
point27.1percentoftherootchordrearwardoftheleading
edgeandat ~ percentofthelocalspsnoutboardofthe
rootchorddueto a unitloadat thatpointactingagainst
thepitchspringstiffnessonly,ft/lb

1effectivestiffnessofpanel-springconibination,. .,

lb/ft

lengthof trailingedge,ft

bendingmoment,ft-lb

massofpanel,slugs

effectivemassofpsmel,%:, slugs

mass
to

Mach

&

of aircontainedintheconewhose
therootchordandwhoseheightis

number

staticpressure,lb/sqft

aerodynamicload,lb

dynamicpressure,lb/sqft

one-hslfthedistancefromleadingedge

Q+n

basedismeterisequal
equalto thespan,slugs

to rootchordmeas-
uredparalleltopitchaxisat ;hordwisestationx, ft
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thicknessofpanel,ft

ctreamvelocity,ft/sec

componentofstresmvelocitynormalto controlsurface,ft/sec

chordwisedistancemeasuredfromandperpendiculartopitch
axis(forsmalfiicalpurposes,pitchaxisisassumedperpen-
dicul&to line
rootchord),ft

chordwisestation
at Xjlft

distanceofpanel
chord,ft

chordwisestation

vertical

ratioof

bisectingangleformedby leadingedgeand

wheredeflectionismeasureddueto load

elasticaxisfromleadingedgeat root

whereloadisplaced,ft

displacement,ft

specificheats —

massratio,%?
~

densityofair,slugs/cu ft

naturalfrequencyofvibration,radians/see

springconstant,ofpitchSpring,ft.lb/radian

distancefrombodycenterlineto controlleadingedge,ft

{

=lifi=j

= Oifi#j

differentiatingmatrix

Subscripts:

L refersto lowersurface

v

—

.s

.
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‘d
u referstouppersurface

CQ refersto conditionsfarremovedfromcontrolsurface

APPARATUSANDTEsm

DescriptionofWindTunnels

ThetestswereconductedintheLangley2-foottransonicflutter
tunnelfortheMachnumberrangefrom0.6to 1.2 andintheLangley
9-by 18-inchsupersonicfluttertunnelfortheMachnumberrange
froml.64to 3.o.

TheLangley2-foottransonicfluttertunnelisa slotted-throat
single-returnwindtunnelequippedtouseeitherairorFreon-12as a
testmedium.AllofthepresenttestsweremadewithFreon-12.The
tunnelisofthecontinuous-operationtype,poweredby a motor-&riven
fan. Bothtest-sectionMachnumberanddensityarecontinuously
controllable.

TheLangley9-by 18-inchsupersonicfluttertunnelisa fixed-
nozzleblowdown-typewindtunnelexhausting into a vacuumsphere.The
nozzleconfigurationsusedinthisinvestigationgaveMachnumbersof 1.64,
2.0,2.55,and3.0. At eachMachnumberthetest-sectiondensityvaries
continuouslyto a controlledmaximum.

DescriptionofModels

Thel/9-scalemodelssimulatedthedeltaplanformofthecanard
all-movablecontrolsurfacesof an air-to-groundmissile.Theywerecut
from2024-Taluminumsheetstock,thethicknessofa givenmodelbeing
constantovertheplanformexceptforthebeveledleadingandtrailing
edges.Thegeometryof themodelsandmodel-mountfairingsisshownin
figure1. Theportionof themountfairingsforwardof thetrailingedge
simulatedthecontourofthemissile.

Themassesandthicbessesof thecontrol-surfacemodels,identi-
fiedby numbers31 to 47,arepresentedintableI. Themethodof
mountingthemodelsforuseinboththe9-by 18-inchsupersonicflut-
tertunnelandthe2-foottransonicfluttertunnelis showninfigures2
ad 3. Thetorquerodwasconnectedto themountframethrougha tor-
sionalspring.Severaltorsionspringswereusedto covera rangeofu
stiffnesses.Basicconibinationsoftorsionsprings~d control-surface_.

—

thicknessproducedmodelmodessimulatingthesymmetricalandantisym-
. metricalmodesof theprotot~econtrolsurface.Inadditionto the

CONFIDENTIAL
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basicccmibinationsseveralmodifiedcombinationswereusedto increase
thescopeoftheinvestigation.Itshouldbe notedthatalthoughthe
physicalappearanceofthemodelmountswasdifferent,themodelroot
conditionswerethesameinbothmounts.

A modelisshownmountedineachofthetunnelsinfigures4 and5.
Alsoshowninfiguresk and5 srethedifferentmountfairingsusedin
thetwotunnels.Thedifferencesinmodelmountfairingsarealsoindi-
catedinfigure1.

Thetorsionalstiffnessesofthespringsme presentedintableII,
alongwiththecontrol-surface-panelstiffnessesandcorribinationpanel-
springstiffnesses.Thus,model35-55is controlsurfacemodel35
mountedon spring55. Thecolumnheadedd isthemeasureddeflection
ofthecontrolsurfaceata pointdueto a unitloadatthatpointwith
thepitchspringstiffnessassumedinfiniteandthecolumnheadedh
isthedeflectionofan infinitelystiffcontrolsurfaceata point
duetoa unitloadatthatpointactingagainstthepitchspringstiff-
nessonly. Thepointofreferenceisat 27.Ipercentoftherootchord
rearwardoftheleadingedgeandat50percentofthelocalspanout-
boardoftherootchord.TheeffectivestiffnessKe isa measureof

thetotalstiffnessofthemodelandisdefinedas & poundsper

foot. Alsoshownintable11srecalculateddivergencedynamicpres-
suresobtainedfromsmanalysistobe discussedsubsequently.

Test Procedure

Langley9-by 18-inchsupersonicfluttertunnel.-Themodelstested
intheLangley9-by 18-inchsupersonicfluttertunnelwereallofthe
basicconfiguration;thatis,thespringandcontrolsurfacecombinations
weresuchthattheelasticpropertiesoftheactualc&ardall-movable
controlweresimulated,aswasthelocationofthepitchaxis(0.62root
chord). Electricalresistancewirestraingagesweremountedatthe
rootnearthehingelineandthesignalwastakento a recordingoscil-
lographwhichalsorecordedtunnelconditions.Inaddition,high-speed
motion-picturecamerasrecordedthebehaviorofthemodel.Theproce-
dureformakingalltherunswasasfollows:themodelsweresetat
zeroangleofattackandthenthetunnelwasevacuatedto approximately
1 in.Hg absolute.A controlvalveupstreamofthetestsectionwas
thenopenedandthedensityoftheflowwasallowedto increaseat
constantMachnumberuntildivergenceoccurred.

Langley2-foottransonicfluttertunnel.-h additiontothebasic
configuration,severalmodifiedconfigurationsweretestedinthe
Langley2-foottransonlcfluttertunnel.Effectsofvariationofthe

.

w

.

.

..4

.
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pitch-axislocation,variationsof springandoontrol-surfacestiffnesses
wereinvestigated.Inorderto obtaindataatvariousMachnunibers,the
followingprocedurewasused. Withthetunnelsetat a lowdensitythe
velocitywasincreaseduntilthedesiredMachnumberwasreached.With
thevelocityheldapproximatelyconstant,thetest-sectiondensitywas
slowly increaseduntildivergenceoccurred.Thedynsmicpressurewas
thendecreasedrapi~ by actuatinga spoilerinthediffusersection
ofthetunnel.TheMachnumberwasthendecreasedto a pointwe~ below
thedivergencecondition.At thispointthestagnationpressurewas
increasedby a smallsmount,thenthevelocitywasslowlyincreased
untildivergenceoccurred.Thisprocedurewasrepeatedforseveralsmall
incrementsinstagnationpressure.Forthetypeofboundaryfoundfor
thesemodelsthisprocedureresultedindivergencepointsforseveral
Machnumbersfromthemaximumobtainableinthetunneldownto somearbi-
trarylowerMachnumber.

DataReduction

Itwasnecesssryto testmodelsof differentstiffnessesin order
to obtaindivergencedataoverthedesiredrangeofMachnuniberwithin
therangeof dynamicpressureobtainableinthetestfacilities.This
variationin stiffnessleadsto thenecessityofreducingthedata
obtainedforthevariousmodelsto someformof dimensionlesspsrsmeter
whichwill.providea basisforcomparisonof thetestresultsatvsrious
Machnumbers.Sucha psrameterhasbeendevelopedanddiscussedin
appendixA. Thepsrsmeterchosenis closelyrelatedto thestiffness-
altitudepsmmeterwhichhasprovenusefulin interpretingflutter
results.Thedivergenceparameterdiffersfromtheflutterparsneter
inthatthefrequencyandmasshavebeenreplacedby a stiffnessterm
inan attempttorecognizethestaticcharacteristicsof divergence.

Thisparsmeteris

where b isa referencesemichordtskenatthe75-percent-semispan
stationya isthespeedof sound,and Ke isthedeflectionstiff-
nessortheloadrequiredfora unitdeflectionmeasuredat an srbi-
trarypointonthesurface.Forallthemodelstested,b is
0.0926foot,and MA isthemassof aircontainedina volumeofa cone

whosebasediameteris
totheexposedspanof

c foot.

“

equalto therootchordandwhoseheightis equal
thecontrolsurface.Thisvolumeis0.0405cubic

C!mFrl)mm
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.
Theresultsoftheexperimentswillbe discussedsubsequently,along
resultsobtainedfromthefollow~ analysis. u

ANALYSIS

Thissectionisconceruedwiththedevelopmentofdivergenceequa-
tionsapplicableto thespring-mountedelasticcontroltestedinthe
experimentalinvestigation.An influence-coefficientmethodofanalysis
isusedinwhichtwodifferentmethodsareusedforrepresentingthe
aerodynamicforces,namely,low-aspect-ratiotheory(ref.3)>andpiston
theory(ref.4).

StructuralRepresentation

Inorderto structurallyrepresentthesurfaceina mannerthatis
readilyamenabletoanalysis,thesectionsofthesurfacewereconsidered
tobe shearedparallelto thepitchaxisandthetrailingedgewasrota-
tedaboutitsmi.dspanpointsothatan equivalentsymmetricalplanform
wasobtained.Theequivalentplanformisindicatedinthefollowing
sketch:

I

1
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) I I
I I 1
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Inboththelow-aspect-ratio-theoryandthepiston-theoryapproaches,
theaerodynamicloadingisdefinedintermsofthelocalstreetwise
slopesandcurvatures.Theexpressionsforaerodynamicloadingcanbe

.
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combinedwiththeslopeinfluencecoefficientsofthesystemto obtati
an expressionforthedynamicpressureat divergence.A firststepin
thedevelopmentofthedivergenceequationsisthedeterminationofthe
combinedslopeinfluencecoefficientsofthespring-mountedelasticsur-
face. Thesimplebes.mequationwillbe appliedinthestresmdirection
to determinea slopeinfluencecoefficientarray.It is assumedthat
theinfluenceof spanwisedeformationsonthestructuralandaero@xamic
forcesissmall.Theelasticinfluencecoefficientsofthesurfacealone
maybe obtainedby assumingthat C6,thepitchsprh.g,is infinitely

stiff;thatis,slopeanddeflectionatthepitchaxissrezero.Use
maythenbe madeofthefundamentalbeamrelation

(1)

Fora concentratedload P appliedat a yotitat a distsmce‘J from
‘j

thepitchaxis,equation(1)becomes

E~ d2z_-@ -- (X3- x),x, (2)

for

II IJIX<x

Sincethesurfacesconsideredme of constantthickness,thesection
momentof inertiaI maybe writtenas

(3)

Equation(2)maybe integratedwiththesectionmomentof inertiarepre-
sentedby equation(3)to obtaintheslopeat a point xi dueto a
loadat stationXj

12ncPx

()dzz xi
.~ F.- (%- W’q”)] (4)

EZt3
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where

Appropriateboundaryconditionsare

n= 1
(‘<xi <xj)

n= o
FJ = 0,

\

n= -1
(
X<xl<oJ )j

()dzz xi

(dx)
dz—

‘i

An elasticslope

%.J=

=0

influencecoefficientAij

L

subjecttotheconditionsofequations(5).

J
maythenbe definedas,

(5a)

(n)

(6)

Forthepresentanalysisthecontrolsurfaceisdividedintoten
sectionsof equalincrementsalongx andthecontrolpointsarelocated
atthemiddleof eachsection.Theten-pointslopeinfluencecoefficient
matrix [A] calculatedfrorneqmtion
surfacesispresentedinappendixB.
squarematrix.

Theslopeinfluence coefficient
degreeoffreedomis

ai~=

(6)
The

%j

5
CP

Thematrix[a] representingthepitch

andrepresentingthecontrol
notation~1 representsa

dueto a springinthepitch

(7)

springsisalsopresented

.

.

inappendixB.
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Thecombinedslopeinfluencecoefficientsdueto theelasticcon-
surfaceandthespringrestraintinthepitchdegreeof freedom

areadditive,,

‘ij= %j + aij (8)

Thematrixequation

{%} = ~BJ{,} (9)

givestheslope {1dz inthestresmwisedirectionforanysystemof
xl

{}
loads P , where

{}
denotesa columnmatrix.Iftheaerodynamic

loadscanbe expressedintermsofthedymamicpressureandslope,then
substitutionoftheaerodynamicloadsintoequation(9)resultsinthe
divergenceequationswhichmaybe iteratedto obtainthecriticaldynsmic
pressure.Twomethodsofrepresentingtheaerodynamicloadswillbe
used,nsmely,low-aspect-ratiotheoryandpistontheory.Thefollowing
sectionpresentsthedevelopmentof theaerodynamicloadsintoa form
thatcanbe usedinequation(9)to obtainthedivergenceequation.

DivergenceEquations

Low-aspect-ratiotheory.-Theaerodynamicloadsarefirstobtained
fromvery-low-aspect-ratiotheory(ref.3). Thistheoryassumesthat
theflowfieldwithina planarstripperpendicularto theflowdirec-
tionistwodtinsionalandthatthechangesintheflowdirectionare
small.Thecompleteexpressionfortheaerodynamicloadon a section
ofdimension2s normalto theflowand & parallelto theflowmay
be writtenas

( )2 d2zP = -JCP(AX)S2!2+ Zvg+v — -
[

2Yr@x)pvstane ; -1-
~2

where 13istheanglethattheleadingedgeisinclinedto
stresm.Theeffectsofthecentralbodyontheaerodynamic

#

z)
(lo)

thefree
forcesas

givenby low-aspect-ratiotheoryarenotknown;however,theyme assumed
tobe small.Thetimederivativesforthedivergencecasevanish,and

co~~mm
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equation(10)whenapplied
writteninmatrixnotation

commmw

overtheentire
as

If

{}P
[{

= -27c(Ax)qs2=1+2
&j

NACARM L58E07

controlsurfacemaybe

{ }}
tale Sg

thematrixfortheaerodynamicloadsbecomes

,,, .2.(&)q{pi,.:,{$} +2tm

—-

(i = j)

(i + j)}J

(11)

02)

A differentiatingmatrixID] maybe determinedsuchthat

(14)

A samplematrix[D] fortheten-pointsnalysisusedinthispaperis
giveninappendixB. Ifthedifferentiatingmatrix[D] of equation(14)
isusedinequation(13),theexpressionfortheaerodynamicloads
becomes,

P= [1‘2YC(AX)q~ijsj2[D]+ 2 tanEl~ijsJ]J{~} (15)

{}
Thesquarematrixpremultiplying~ isa functionofgeometryonly,
and,ifit isdenotedby ~C],theaerodynamicloadssregivenby

{}
P

{}
= -2@x)q[~ Q& (16)

.

.

.
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Iftheaero@amicloadsgivenby equation(16)sresubstitutedinto
thecanbinedslopeinfluenceequation(eq.(9)),theequationgoverning
theslopesunderaerodynamicloadingsare

{}
dz
G

= -2Yr(Ax)q;B][Cl (17)

Equation(17)expressestheconditionsforwhichtheaerodynamicforces
areequaltothestructuralrestoringforces.Equation(17)isthusthe
divergenceequationandmaybe iteratedto obtainthedominantrootwhich
yieldsthedynamicpressureat divergence.Thevaluesof q thusobtained
for eachcasearegivenintable11. Itmaybe mentionedthatthepro-
duct [B][c] forstiffcontrolsurfacesandweakpitchspringsproduced
an ill-conditionedmatrixwhichwasdivergentundernormaliterationpro-
cedures.Averagingsuccessiveiterationsprovedtobe adequteto force
convergenceto thedominantmodeinthecasestreated.

Pistontheory.-A secondmethodofrepresentingtheaerodynamic
forcesforthesupersoniccasewasalsousedandinvolvedtheuseof
pistontheory(ref.4). Pistontheoryisan applicationofthe“local”
waveequationandmaybe obtainedfrompotential-flowtheoryifthe
Machnuniberisallowedto tskeon lsrgevalues.Thepressurecoeffi-
cientmaybe writtenas

P - Pm

Theloadona
long,becomes

‘p.af&+(+(a2+(w(5r+● -] ’18),.
sectionoftheuppersurface,whichis 2s wideand Ax

‘u = -2(Ax)(2s)q
[it) + (%(?r + “(*)(fr + - ● ]

Thesurfaceisof constantthicknessandthe

(19)

loadona sectionof the
lowersurfaceis

‘L=-2(AX)(2s)q
[ i(:)+ (W)(:r

%

Recognizing that dz/dxisequalto v/V,
. becomes

cwmmm

1M3(&)($+. . .
(20)

thetotalload PU - PL
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only
Sis.
face

CONIWDENTIAL

P = -@x)(2s)q~%+.’(w)(%f + *

thefirstterm
Thesystemof
is

of equation(21)willbe usedin
equationsrepresentingtheloads

NACAR. L58E07

1.. (21)

thepresentsmaly-
onthecontrolsur-

(22)

.

Equation(13)isthecorrespondingequationderivedfromlow-aspect-

ratiotheory.
{}

Thesquarematrixpremultiplying‘z
z

inequation(22) -

isalsoa functionofgeometryonly,and,if itisdenotedby ~], the .
aerodynamicloadssre

(23)

Substitutingtheaerodynsmi.cloadsgivenby equation(23)intoequa-
tion(9)givesthedivergenceequationfortheanalysisbasedonpiston
theory

(24)

Equation(24)maybe iteratedto obtainthecriticalvalues of q.

RXSULTSANT)DISCUSSION

Thebasicr,odelconfigurationwithspringssimulatingboththe
syr.metricandtheantisyrmnetricstiffnessoftheprototypemissilehas
beentestedinthetwowindtunnelsintheMachnumberrangefrom
aboutM = 0.6to 3.o. Additionaltestshavebeenmadeinthetran-
sonictunnelto studytheeffectsof stiffnessofthecontrolrotation
springsandofthecontrolswface. Additionalstudieswererideof
theeffectsof locationofthepitchaxis.

CONFIDENTIAL
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GeneralCharacteristics.oftheDivergencelhcountered
.

Classically,divergencehasbeentreatedasanaeroelasticphenom-
enonassociatedwithtorsionaldeformations.Thistypeof divergence
hasbeendefinedas a staticinstabilityof anairfoilintorsionwhich
occurswhenthetorsionalrigidityofthestructureisexceededby
aerodynamictwistingmoments(ref.5). Thetypeof divergenceencoun-
teredinthepresentinvestigationseemsto fitthissamedefinition
exceptthattheroleoftorsionaldeformationshssbeenreplacedby
camberdeformationssuperimposedona rotationofthecontrolabout
itspitchaxis. Thety-peofmotioninvolvedisshowninfigure6
whichiscomposedof enlargementsfroma high-speedmotionpicture.
As thedeflectionsbecomelargeit canbe seenthatthesurfacehas
largecurvatureaheadofthepitchaxisanda decidedslopeatthe
pitchaXiS.As a matterof interest,deflectionsweremeasuredon

. severalof theenltigementsandsrecomparedto thecalculateddeflec-
tionshapeinfigurei’.Theagreementbetweenthemeasuredandcal-
culateddeflectionshapesisgood.

.
Thetypeofmotioninvolvedindivergenceof thesemodelsisquite

violentinthesensethatverylargedeflectionsarereachedina very
shortperiodoftimeas indicatedby theenlargementsofthehigh-speed
motionpictmeshowninfigure6. At subsonicandtransonicspeeds
onlya fewofthemodelsacquireda permanentsetduringdivergence,
presumablybecauseof a stallingeffectathighanglesof attack.At
supersonicspeeds,allthemodelswerepe~ently damagedindivergence.
A representativeselect>onofthesedamagedmodelsis showninfigiire8.
Althoughthemodelsdidnotalwayssufferdamageat thelowerMachnu-
bersthecontroldeflectionsduringdivergencewereprobablysufficiently
largeto cause very violentmaneuversofthemissilewithsubsequent
structuraldsmage.

BasicConfiguration

Thedataobtainedforthebasicconfigurationhavebeenreduced
to a nondimensionalstiffness-altitudeparameterwhichisdiscussedin
appendixA. Thevaluesofthispsrameterrepresenta stabilityboundary
forstaticaeroelasticdivergenceandaxeshownas a functionofMach
numberinfigures9 and10. Ina figureofthistype,constantaltitude
operationof a givenconfigurationwouldbe representedby a horizontal
lineat a value oftheparameterdeterminedby thestiffnessofthe
controlandthealtitude.Radiallinesthroughtheoriginrepresent
linesof constsmtdynsnicpressure.

.

.
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Thetendencytowsrda decreasein slopeoftheboundarywith
increasingMachnumberindicatesthatsomewhathigherdynamicpressures
wouldbe requiredtoproducedivergenceathigherMachnumbersthanat
lowerMachnumbers.

.

Thesm.alysisof staticaeroelasticdivergenceusingvery-low-aspect-
ratioaerodynamictheoryyieldsa singlevalueof dynamicpressure
requiredtoproducedivergenceregardle~softheMachnumber.Ifpis-
tontheoryisused,theanalysisindicatesthatthedynsm.icpressure
atdivergenceincreasesdirectlywithMachnumber.Thecalculated
resultsobtainedfrombothtypesofaerodynamictheo~ areshownonfig-
ures9 and10. IntheMachnumberrangefromabout0.6to 1.2(where
pistontheoryisnotapplicable),theagreementbetweentheexperiment
andcalculationsbasedon low-aspect-ratiotheoryis consideredtobe
excellent.At highersupersonicMachmmibers,theexperimentalresults-
fallaboutone-halfthedistancebetweenthecalculatedresultsobtained .
forthetwotypesof aerodynamictheory.

.

EffectsofVariationsinStiffness

InobtainingdataoverthedesiredrangeofMachmxiberinthetwo
facilitiesitwasnecessarytousemodelsofveryingstiffness.An
impressionof theeffectsof stiffnesscanbe obtainedby examination
offigures9 and10andobservingthedegreetowhicha singlecurve
canbe fittedtothedataformodelsofvariousstiffnesslevels.The
fittingofa singlestraightlineto thedataimpliesthatthedynsmic
pressurerequiredfordivergenceisessentiallydirectlyproportional
to thestiffness.Thisseemstobe trueforcaseswherethecontribu-
tionsofthecontrolsurfaceandthepitchspringtothetotalstiffness
remaininaboutthesameproportion.Whentherelativecontributions
ofthetwosourcesof stiffnessarevaried,thisdirectrelationship
betweendynamicpressureandstiffnesscannotbe expectedto apply.
Thisfeatureisillustratedinfigures11and12,wherethevariation
ofthedynsmicpressurerequiredfordivergencewithstiffnessisshown
fortwomethodsofvmyingtheoverallstiffnessofthemodel.The
firstmethod(fig.11)wastotestthesamecontrolsurfacemountedon
differentspringssimulatinga variationin controlactuatorstiffness.
Thesecondmethod(fig.12)wastotestcontrolsurfacesofvarying
stiffnessmountedonthesamespring.

Thedataagreeverywellwiththecalculatedvaluesandindicate
thatthestiffnessofthesurfaceandthestiffnessofthecontrolactu-
atorarebothimportantindeterminingthedivergencecharacteristics
of controlsofthistype.
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EffectsofVariationsofthePitchAxis
.

Ithaslongbeenrecognizedthattherelativelocationoftheaero-
dynamiccenterofpressureandtheelasticsxisis importantinaero-
elasticproblems.Inthepresentinvestigationitwasbelievedthat
thecamberdeformationsofthesurfacewereproducinga moreforward
locationofthecenterofpressurethanwouldbethecasefora more
rigidsurfaceand,consequently,itwasconsidereddesirableto deter-
minetheeffectsofmovingtheelasticaxisor thepitchsxisforward.
Fora modelwhichsimulatedtheprotot~estiffnessofboththesurface
andtheactuator,itwasfoundthatmovingthepitchaxisforwardfrom
0.62cto O.ficincreasedthedynamicpressureat divergenceby about
35percent.Similarteststitha muchlowersimulatedactuatorstiff-
nessindicatedaboutan 80-percentincreaseindynsmicpressureforthe
ssmechangeinsxislocation.Whenthesamecontrolsurfacewastested
withtheaxisatmidchordandwithzeroactuatorstiffness(free
floating),thedynamicpressureat divergencewasincreasedby about
20percentindicatingthestronginfluenceofthelocationofthepitch. axis.

CONCLUSIONS

Divergencestudiesofa delta-plan-formall-movablecontrolinthe
Machnumberrangefrom0.6to 3.0indicatethefollowingconclusions:

1.AtMachnumbersfrom0.6to 1.2divergenceoccursat an almost
constantvalueof dynamicpressure.At highersupersonicspeedsup to
a Machnumberof 3.0,divergenceoccursat somewhathighervaluesof
-C pressure.

2. AnQrticalresultsbasedonvery-low-aspect-ratioaerodynamic
theorygaveverygoodagreementwiththeexperimentalresultsinthe
wch ntier rangefromO.6to 1.2. At higherMachnumberstheexperi-
mentalresultsfellaboutone-halfthedistancebetweentwosetsof
calculatedresultsbasedon low-aspect-ratiotheoryandpistontheory.

3.Theanalysisandthee~erimentindicatethatthestiffness
ofthecontrolsurfaceandthestiffnessofthecontrolactuatorsre
bothimportsntindivergenceof controlsofthist~e.

LangleyAeronauticallaboratory,
NationalAdvisoryCommitteeforAeronautics,

IangleyField,Va.,April14,1958.

.
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DERIVATIONOFA PMUMEWERFORPRESENTATION

OFEXPERIMENTALDIVERGENCEDATA

Inthestudyofdynsmicaeroelasticphenomenaorflutterithas
beenfoundthata convenientgroupingofparameterscalledthestiffness-
altitudeparameterhasbeenveryusefulin interpretingexperimental
flutterdataobtainedfora varietyof stiffnessesovera rangeofalti-
tudeandMachnumber.Thisflutterparameterconsistsoftheproduct
of a reducedfrequencybasedon a representativechord,naturalfrequency,
andthespeedof soundtimesthesqpare rootofa massratiowhichis
usuallytskenastheratioofthemassofthesurfacetothemassofa
specifiedvolumeofairsurroundingthesurface.Thisflutterpsmameter

canbewrittenas ~@. .

Ifitisreasonedthatstaticaeroelasticphenomena,inparticular
divergence,donotdependon inertiaforces,thenit seemslogicalthat
someothercombinationofparametersmightbe moreusefulininterpreting
divergencedata. Ifthedivergencemodelcanbe representedby a con-
centratedmasswhichyieldsthefrequencym whenattachedto a spring
whosespringconstantis Ke,theflutterpsrametermightbe redefined
as

Thisnewparsmeterwouldseemtobe moreappropriatefordiver-
gencestudiessinceitisnotbasedon dynamicpropertiesofthemodel
butdoesincludethestiffnessofthesurface.However,thenewparam-
eterissomewhatunsatisfactorybecausethesignificanceoftheindivid-
ualpartsofthepsrsm@erisnotobvious.As a matterof interest
theparsmetercanbe reducedfurtherto

A

.
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wheretheproductPb22 isproportionalto themassof a particular. volumeof airsurroundingthesurface.Thespeedof soundcanbe elimi-

natedby therelationshipa =
v
~
P

where ‘A isthemodulusof elas-

ticityofthemedium.RecognizingthatthespringconstantKe is
proportionalto an effectivevalueofthemodulusof elasticityofthe
material~ e,theparameterbecomes>

where C isa ccnstantfora givenconfigurationdependingonlyonthe
geometryoftheconfiguration.Thus,tt is seenthatthedivergence
psrameteris,essentially,theratioofthemodelstiffnesstotheair.
stiffnesswhichwouldseemtobe a verysignificantparameter.

Thedivergenceboundarydefinedby thedimensionlessstiffness-
altitudeparametercanbe convertedeasilyto a boundaryintermsof
dynamicpressureandMachnumberforapsrticularconfiguration.At
eachpointontheboundarythedynamicpressureatdivergencecanbe
foundfromthefollowingrelation:

‘Awhere ~ isthespecifiedvolumeofthemediumsurroundingthe

surface.
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APPEND~B

SAMPLEDMIRGENCECAICULMCION

Presentedinthisa~endixisa samplecalculationofthedynamic
pressureatdivergence.Iaw-aspect-ratiotheorywillbe used. The
controlsurfacewasrepresentedby thefol.iowingparameters.Thedimen-
sionsaregivenfortheequivalentcontrolsurfaceafterthesections
wereshearedparallelto thepitchaxisandad~ustedto obtaina syin-
metricalcorkrolsurface.

E = 10,000,000lb/sqin.= l,hh0,000,OOOlb/sqft
c = 8.55in.= o.712~ft
= 3.60in.= o.5oft

~ = 5.45in.= 0.454ft
(h) = 0.855in.= 0.071ft
t = 0.032in.= 0.00267ft
l/cp= 0.0345radian/in-lb. 0.414radian/ft-lb
e = 30°= 0.524radian

Theinfluence-coefficientmatrixforallthecontrolsurfacesis
calculatedfromequation(6).

[

3.937
3.554
2.922
2.216

[1
UC 1.475*IJ‘—Elt3.71.I.0

10
0
0

2.320
2.320
2.122
1.702
1.174
.?
o
0
0

1.323
1.323
1.323
1.18a
.873
.450
0
0
0
0

.674

.674

.674

.674

.572

.319
0
0
0
0

.m-
%
.ql
.271
.189
0
0
0
0

.058

.058

.C@

.058

.058

.058
0
0
0
0

0
0
0
0
0
0

-.003
-.003
-.003
-.003

0
0
0
0
0
0

-.o18
-.074
-.074
-.074

0
0
0
0
0
0

-.023
-.m
-.261
-.261

0
0
0
0
0
01(KL)

-.034
-.339
-.y)o
-.548

Theslope-influence-coefficientmatrixforthepitchdegreeof freedom

5.019
5.019
5.019
5.019
5.019
5.019
5.019
5.019
.5.019
5.019

4.170
4.170
:.::
4:170
4.170
4.170
4.170
4.170
4.170

3.322
3.322
3.322
3.322
3.322
3.322
3.322
3.322
3.322
3.322

2.473
2.4~
,2.b~
2.4~
2.4~
z.k~
2.473
2.4n
2.473
2.473

L625
1.625
I.625
1.625
1.625
I.625
L625
I.625
1.625
1.625

.776

.776

.776

.776

.776

.776

.776

.776

.776

.776

-.07’2
-.072
-.072
-.072
-.072
-.072
-.G72
-.072
-.072
-.072

-.921.
;:;:
-.921
-.92J.
-.921
-.921
-.921
-.921.
-.921

-1.769
-1.769
-1.769
-1.769
-1.769
-L-m
-1.769

i%
-1.7
:;:769

-2.6M!1
-2.6I.8

I

-2.63.8
-2.6B
-2.618
-2.618
-2.618
-2.6ti
-2.6I.8
-2.618

.

.

(B2)

.
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.

Thecotiinedslope-influence-coefficientmatrixBiJ= AiJ+ aij is

givenby addingequations(Bl)and(B2)

[1%j =

.513 .344 .22g
●* ●W

:E .327 .229
.364 .s1 .217
.y30 .2k5 .190
.235 ;:g~ .133
.173 .1.15
.173 .144 .115
.lE .144 .lL5
.173 .144 .115

.144

.144

.144

.lW

.135

.113

.085

.@

.0’85

.085

.080

.Oeo

%J
.072
.056
.056
.@
.056

.032

.032

.032

.032

.032

.032

.027

.Q2’7

.027

.02’7

-.033
-.003
-.003
-.003
-.m3
-.cn3
-.004
-.034
-.004
-.024

-.032
-.032
-.032
-.032
-.032
-.032
-.033
-.038
-.038
-.038

-.061
-.061
-.061
-.061
-.061
-.061
-.063
-.Q’79
-.084
-.048 !-.090

-.ogo
-.090
-.Q90
-.ogo
-.ogo (B3)
-.W3
-.llg
-.133
-.138

A differentiatingmatrixisobtainedby applyingthe5-pointinterpolation
equationsgivenonpage97 ofreference6.

[1D= 12&c)

’25-48 36 -16 3 0 0 0 0 0-
3 10 -18 -1 0 0 0

80
00-1 -: 000 00

0 -1’8 0 -: 00 000 0 -1 80 -i o 00
00 0 -1 80 -i 00
0 0 0 0 -1 8 -i o0 0 0 0 0 -1 ; -: 1
0 0 0 001 -6-1; -lo -3
0 0 0 0 0 -3 16-36 @ -25

Thematrix [5..s.1isobtainedfromthegeometryofthecontroland
[ ~J JJ

isexpressedin inchesas follows

(–)3.6
bifj= ~

also
.

‘1
o
0
0
0
0
0
0
0
,0

0
3
0
0
0
0
0
0
0
0

0
0
5
0
0
0
0
0
0
0

0
0
0
7
0
0
0
0
0
0

00
00
00
00
90
011
00
00
00
00

0
0
0
0
0
0
13
0
0
0

00
00
00
00
00
00
00
15 0
0 17
00

0
0
0
0
0
0
0
0
0
19

(B4)

.
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‘1
o
0
0
0
0

0 0
0 0
00
0 0
0 0
0 010;0

o 25
00
00
00

00 0
00 0
$::
0 81 0
OoUl

o
0
0
0
0
0

0
0
0
0
0
0 (136)

(B7)

(M)

00
00
00
00

169
0
0
0

00 0
00 0
00 0
000

0
225
0
0

0 0
0 0
289 0
0 1361

0
0
0
0

Thematrix[C] isobtainedfromequations(15)and(16)

[c]

m

[

.@ .038-o@
-.021 .240 .Ug
.020 -.1% .519

0 0
0 0
0 0
0 0
0 0
0 01.013-.002 0 0

-.043.007 0 0
.3-59-.020 0 0

0
0
0
0

-.;6
1.076

0 .Ox -.312.727 .312 -.039
0 0 .064-.516.935 .516 -.%+
o 0 0 .096-no 1.lk2 .~o
o 0 0 0 .? -1.0761.350
0 0 0 0 .179-1.432
0 0 0 0 0 -.230
0 0 0 0 0 .062 -w

c=-
-.134
1.432 -.:79
4.06P.640I1.558

-4.x$8
10.338-15.7859.133]

me product[B][c] foruseinequation(IT)isfoundtobe

.040

.037

.033

.02g

.024

.Olg

.014

.014

.014

.014

.071

.070

.064

.055

.045

.035

.026

.026

.026
●026

.log
●m
.Ilo
.100
.*
.067
.050
.ox
.050
.0!30

●W5
.*
.094
●093
●084
.067
.030
,050
.030
.050

.Cgl

.Ogl

.Ogl

.091
●*
.076
.056
.056
.056
.056

.005

.005

:%
,035
.002
-.013
-.
3
0

-.
-.047

.392 -.736 .952 -.&53

.392 -.736 .952 -.865

.392 -.736 .952 -.%3

.392 -.736 .952 -.865

.392 -.736 .952 -.863
■393 -.736 .952 -.863 (w)
.402 -.’760
.509 -.975L$z ::%
.566-1.0991.446-1.272
●585 -1.141.1.503-1.310

CB][c]=-

Thedominantrootofthismatrixisfoundby iterationandisequalto
-0.327.Thenormalizedslopemodeisgivenby

.*

.
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[

1.000”
.989
.962
.888

{}
AZ. I.761dx ●575

●347
.275
.240

~.233.
Thedynsmicpressureisgivenas

~=- 2fi(Ax)/’-327)7)=0.57lb/sqb. = 82lb/sqjR

23

(B1O)
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TABLEI

MASSANDTHICKNESSOFMODEIS

25

Model Mass,slugs Thickness,in.

31 0.000752 0.016

33 .000928 .020

33 .001446 .032

37 .001875 .040

39 .002s71 .051

41 .002890 .064

43 .003095 .072

45 .003650 .080

47 ●0Q3895 .Ogl
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TABLE11

STIFFNESSPROPERTIESOFMODELSANDSPRINGSWITECALCULATED

DIVERGENCEDYNAMICPRESSURE

Calculated
divergenceu

Models d,&t/lb h, ft/lb Ke,lb/fi (low-aspect-
ratiotheory)

(a)
Basiccontrolsurface-springccmibinations

35-55 19.50x 10-3 31.73x 10-3 19.51 82.6
37-58 9.25 14●17 42.70 168
41-61. 2.42 4.34 148.1 646
41-67 2.42 1.75 240.0 826
43-63 1.71 3.08 208.7 906
43-71 1.71 1.17 347.8 1,190
39-59 4*84 6.&4 85.7 349
45-65 1.21 3.63 275.8 1,222
47-67 .83 2.58 388.0 I,762

Modifiedcontrolsurface-springconibinations

35-58 19.50x 10-3 14.17x 10-3 29.70 103
35-73 19.50 .67 49.58 141
47-55 .83 31.73 3;.;: 652
35-49 19.50 255.00 &;
31-55 155●70 31.73 5:34
33-75 79.80 31.73 8.98 28;6
37-55 92.50 31.73 24.4 129
39-55 4.93 31*73 27.4 208

n. .. ..-~ivergenceq calculatedusirigpistontheoryisapproximately
equalto divergenceq calculatedby low-aspect-ratiotheorymulti-
pliedby0.906M.

.
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Flguxe3.- Motiel mount u6ed in the Langley 9- by 18-inch supersonic flutter tumel.
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Figurek.-Modelmountedin9-by 18-inchsupersonictunnel.
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Figure5.-Model
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mountedin2-foottransonicfluttertunnel.
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Figure6.-Enlargementsfromhigh-speedmotionpictureofmodel35-55
duringdivergence. w
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Figure7.- Comp=isonof calculatedandmeasured
divergence.

Leading
edge

deflectionmodesduring

colIFmENTw



1’

Figure8.- !l?ypicsldamsged models after supersonictesting. L-77-1438 E
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Figure9.- Variationof stiffness-altitudedivergenceparaneterwith
Machnu?iberformodelshavingspringsstilatingsymmetricmode.
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Figure10.- Variationof stiffness-altitudedivergencepsmuneterwith
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FigureU..- Variationof dynsmicpressureat divergencewithstiffness
formodelnumber35withvarioussprings.
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